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Nonlinear nonstationary problems, arising in elastodynamics, have naturally a 
nonconservative form. For these systems it is not possible to define a weak solution 
according to distribution theory: in order to define the concept of discontinuous 
solutions for these systems, one is confronted with multiplications of distributions. 
This is unavoidable from a physical viewpoint since discontinuous solutions are 
needed to represent shock waves. The theory of generalized functions of the second 
author, in which one may multiply arbitrary distributions, gives a concept of 
generalized solutions that may be discontinuous functions. Existence of such global 
solutions of the Cauchy problem for a system of two equations is proved by a 
compactness argument from a convergent numerical scheme. In the case under 
consideration, the generalized solutions are bounded variation functions. The 
results thus obtained agree with the results expected by the engineers and lead to 
the development of new numerical schemes. 0 1989 Academic Press, Inc. 
1. THE MODEL 
The coupling between the velocity u and the stress 0, in a homogeneous 
medium of constant density, may be modelled by the following system, for 
XE~! and t>O: 
ut+uu,=u, (1) 
u, + uu, = k*u,, (2) 
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where as usual U, = auJat, U, = au/ax, or = h/at, and CJ~ = &/ax, and k > 0 
represents the speed of propagation of the elastic waves. This is a very sim- 
plified model of the system of elastodynamics for which details may be 
found in [S]. However, it has for us the advantage to put in evidence the 
main difftculties encountered in the numerical approximation of nonconser- 
vative systems, while at the same time one avoids the complexity of the 
complete system. 
We recall that an equation is said to be conservative if its terms are 
derivatives: for instance, since 
uu, = ctu*L, 
Eq. (1) is conservative. On the other hand, due to the term UC, (and to the 
absence of a term u,cr to be combined with it) Eq. (2) is nonconservative. 
We say that a system is conservative if all individual equations in it are 
conservative. If not, the system is said to be nonconservative: therefore the 
system (1 ), (2) is nonconservative. The concept of discontinuous functions 
solutions of a conservative system makes sense within distribution theory: 
using C” test functions and formal integrations by parts (this is done by 
definition in distribution theory) we transfer the derivatives on the test 
functions. This method does not work for nonconservative systems, and 
thus discontinuous functions U, B cannot be solutions of (l), (2) if one 
uses distribution theory. Since shock waves have to be represented by 
discontinuous functions, the unique mathematical possibility is to seek a 
mathematical theory in which the concept of discontinuous solutions of 
( 1 ), (2) would make sense. 
The reader might notice that the system (l), (2) can be given a conser- 
vative form, introducing q = 0 + u*/2. One obtains the equations 
u, + (u’- q)x = 0; qt + (u3/3 - k2u), = 0. (3) 
However, when at a discontinuity the jump quantity [u] becomes too large 
relative to k (precisely 1 [u] 1 2 2k fi), which may happen physically in 
the above examples, the two Rankine-Hugoniot jump conditions coming 
from (3) are no longer compatible. From numerical results obtained from 
the Lax-Friedrichs scheme with antidiffusion (no doubts can be raised on 
its stability properties) the computed solutions have, in this case, 
singularities looking like Dirac masses (see [6, 141). From a physical view- 
point this kind of singularity is not acceptable. Both constatations exclude 
the conservative form (3). Note also that the passage from (l), (2) to (3) 
involves, in the case u and 0 are discontinuous functions, multiplications of 
distributions that are not properly defined within distribution theory. 
Therefore this passage is not justified mathematically, which is coherent 
with the above remarks that (3) does not give acceptable results. According 
554 CAURET, COLOMBEAU, AND LE ROUX 
to the theory in Section 2, one sees easily that the replacement of (1) (2) 
by (3) would be indeed erroneous. 
Why use the theory in Section 2? It is proved in [13] that most existing 
multiplications of distributions are particular cases of this theory. Further, 
these particular multiplications are not developed enough for a correct 
interpretation of Eqs. (1 ), (2) (see [ 51). The a posteriori consequences in 
[I, 5-7, 141 also show that the theory in Section 2 provides a proper 
interpretation. 
Many equations in physics and engineering involve “multiplications of 
distributions” and so their basic physical premises are not clear. Often they 
are obtained formally by simplification of equations which are originally in 
conservative form. In general the full equations are so complex that sim- 
plifications are indispensable. As long as the (simplified) equations are 
widely used and give results in good agreement with experiments we con- 
sider that mathematicians may be motivated to study them and to compare 
the results they give with the results of experiments and with the “formal” 
results of physicists and engineers. Then, once a suitable mathematical tool 
is offered to them, we hope that physicists will clarify the premises for their 
simplifications. 
2. THE MATHEMATICAL Toot 
There exist several slightly different definitions of “generalized functions” 
stemming from those in [3,4]. The results of this paper hold with minor 
modifications in the respective proofs. If Q is an open set in 08” we denote 
by 9(Q) the set of all C” functions on 52 with compact support. If 
q=O, 1,2, . . . . we set 
_aP, = { cp E .9( Rn) such that 
I 
q(A) dl= 1 and 
I 
licp(A) dA = 0 
R” R” 
if l<(il<q}. 
As usual 1’ = L’j . . A$ and 1 i( = i, + . . . + i,. If 0 < E < 1 we set 
Then (POE J$~ if and only if cp E J$ We denote by &,,[Q] the set of all 
mappings 
R:doxQ+[W 
cp, x + R(cp, xl 
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such that 
(1) for any cp the map R,: x + R(cp, x) is a C” function of the 
variable x E Q, 
(2) if 
D= 
ax:1 . . . ax? 
is any partial derivation operator (D = identity is allowed) and if K is any 
compact subset of 52 then there exists an integer N such that if cp E LZ$,, there 
are constants C > 0 and r~ E ] 0, 1 ] such that 
sup I DR+Jx)l < C/EN 
XE K 
if O<.s<q. 
Note that if RE&,[B] then DR E gM[sZ] for any partial derivation D. If 
R, Q E EM[s2] then R + Q E ~?~[a]. 
We set &‘“[L2] to be the set of all mappings RE&~[S~] such that for all 
D and K as above there exists an integer N such that if cp E J$, q B N, 
3c>o and v E ] 0, 1 ] such that sup 1 DR,Jx)l < CE~- N 
x E K 
if 0 < E < q. 
A generalized function G on Q is the equivalence class modulo N[sZ] of 
a representative (cp, x) + R(cp, x) of G, i.e., the space 4(52) of our 
generalized functions on 52 is defined as the quotient set &,,,,[L2]/&“[9]. 
The difference between any two representatives of G is an element of 
.M[8]. The operations in 9(!2) such as diffeentiation, addition, and multi- 
plication are those naturally defined on representatives; it follows from the 
definitions that they are coherent with the equivalence relation defining 
%(52); in particular, multiplication is possible in 9(Q) because JV [!2] is an 
ideal of &JL2]. 
.9’(Q) is naturally imbedded as a vector subspace of Y(Q): any distribu- 
tion T on Sz is considered as the class of the mapping R(cp, x) = 
(T(A), cp(n - x)) if the function 2 -+ cp(i- x) has its support in a (any 
value otherwise). The algebra +P(L?) of all %?- functions on 52 is a sub- 
algebra of Y(L2): any f~%?(L2) is considered as the class of the mapping 
R(cp, x) =f(x). The algebra of all continuous functions on 52 is not a sub- 
algebra of B(sZ), but, iff, g are two continuous functions on 52, their new 
product in 9(sZ) is “associated” (see below) with their classical product. 
The bounds defining ‘S(a) might look unexpected. In [3,4, 161 one 
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explains the way they were found: the bound defining N(Q) follows essen- 
tially from the classical Taylor’s expansion of gm functions. 
The elements of Jc’[Q] have a rapid decrease to 0 when e--t 0 (since 
they decrease to 0 quicker than any power of E). A weaker concept is 
needed: a generalized function GE ‘S(Q) is said to be associated with 0 
(notation G - 0) iff it has a representative R such that, if cp E J& with large 
enough N, 
VY’E cqsz): J R(cp,, xl fJ’(x) dx + 0 when E -+ 0. (4) 
We say that G, - G2 if G1 -G, -0. We say that G admits a distribution 
TE 9’(Q) as macroscopic aspect, iff G - T, i.e., 
VYEcqa): 
s NV,, x) y(x) dx + < T, fV 
when E + 0. (5) 
This concept of association has a crucial role; it is the natural general- 
ization of the concept of equality of distribution theory; it shows the 
accordance between the new theory and the classical Schwartz result of the 
“impossibility of the multiplication of distributions.” Since the association 
gives the natural generalization of the concept of “weak solution” of PDEs, 
the equations of physics are naturally interpreted in the weak sense: (1 ), (2) 
are interpreted by (20), (21) below. Properties of s(Q) are presented in 
[4]. To simplify the notation, we replace R(q,, x) by R(E, x): the variable 
cp is not mentioned explicitly; in practice, this amounts to work in the 
simplified subalgebra g3(52) defined in [S]. 
3. THE NUMERICAL SCHEME 
Let there be two initial conditions u,,, e,, in the space BV(lR) of all boun- 
ded variation functions on the real line R’. Let h > 0 be the space mesh size, 
and let At = rh, with a fixed r > 0, be the time mesh size. For fixed h the 
value of the approximating pair (u,, ch) at the point xi = ih and at the time 
t, = nrh is denoted by (u;, c;), with i E 2 and n E N. The quantities up and 
0: are obtained as the mean values of the initial data u,, and co on each 
mesh I x - xi 1 c h/2. For simplification we assume the positivity of the field 
of velocities by starting with initial conditions (uO, a,) satisfying 
VXER I ao(x)l G b(x). (6) 
In practice this condition holds very often. We deline a number M by 
M=z=; ( 
I %(x)l u,(x)+7 . 
> 
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The scheme is split into two steps. The first one corresponds to the dis- 
cretization of the convection terms, and the second one to wave propaga- 
tion. Each step is treated by the decentred scheme (Donnor Cell). At first 
we compute the flows 
then 
uy = uy - rw;(uy - uy- I), (8) 
ry = 0; - rw;(ay - a;- 1). (9) 
Then we compute 
(10) 
u:, 1- u;- 1 
n 
u:+l=z;+rk * + rk zi+ 1 
- 
22y+ ty 1 2 2 . 
(11) 
The functions (u,, oh) are chosen to be equal to (~7, al) for 
Ix-xiI<h/2 and It-t,I<rh/2. 
THEOREM 1. Under the condition 
r Max (M, k) < 1, 
the above scheme is stable for the L” norm and for the total variations in 
space and time. 
Therefore, for any T > 0, it follows from Helly’s theorem that there is a 
sequence u, = uh,, fsm = uh,, with the sequence (h,),= 1,2 ,_,,, tending to 0, 
which converges in the space L:,, (R x ] 0, T[) toward a pair (u, cr) of 
elements of this space, which further are bounded variation functions on 
R x 10, T[ in the Tonnelli-Cesari sense. 
Further one proves that there exists a subset E of 10, T[, of measure 0, 
such that 
if t + 0, t E ] 0, T [, and t 4 E. Here 1 I L, is the norm in L’(R). This property 
justifies the initial condition; see [8], where a similar concept is used in the 
case of a scalar equation. 
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4. PROOF OF THEOREM 1 
We set 
(12) 
From (8) and (9): 
p; = R;( 1 - rw;) + rw; R;- , 
c;; = Q;( 1 - TW;) + rw; Q;- i. 
In the same way (10) and (11) give 
+$(,:+l+kv:,, - 2(t; + kv:) + z;- , + kv;- ,), 
i.e., 
,;+I= P;+ Wpl, 1 -pI)=pl(l-rk)+rkpl+,. 
Similarly 
(13) 
(14) 
Q;+‘=t;(l-rk)+rk&. (14’) 
By induction on n we are going to prove that for some A4, K > 0, one has 
(i) Vi 1 u; ) < ku;, 
(ii) Max, (kul+ a;) < kM, 
(iii) Max, (ku; - a:) < kA4, 
(iv) Ci IRl+t-Rl( <K, 
(~1 CiIQl+1-QYIGK 
These properties hold for n=O: (i) follows from (6), (ii) and (iii) follow 
from (7), and (iv) and (v) follows from (12) and the bounded variation 
assumption on the initial data. Now let us assume these properties hold for 
some n. From (i), (ii), and (iii) one has, for all i, 
O<R:<kM and -kMdQ;sO, (15) 
hence 
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which implies 
OdW;<M. (15’) 
From (13) and (14), (14’) 
Vi O<R;+‘<kM and -kM<Qr+’ ~0. (16) 
Since, from (12), 
n+l-R;+l+Q:+l 
0, - and ku;+‘= 
,;+I-Q;+’ 
2 
2 , 
(i) at the order n + 1 may be written 
which follows at once from (16); therefore (1) holds at the time (n + 1) At. 
Also (16) implies at once (ii) and (iii) at (n + 1) At. From (14’) 
c IQ::: -Ql+‘l =c (P;,, -PX~ -rk)+rkW+z-d’+,)I. 
From the stability condition in Theorem 1, 1 - rk > 0. Thus 
GC Id+, ~~~I~~-~~~+~~~Ip~+,-pll=~(pl+,-p:I. I I I 
Similarly 
7 I QIL’ - Ql+ ’ I G C I 5:+, - t: 1, I 
From the same stability condition and (15’) one gets 
O<rw;< 1. 
Therefore from ( 13) and ( 15) 
(17’) 
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Further from (13) 
T Id+,-Pll =I lRl+,-w+, (RI+,-RI)-R;+rw;(R;-Rye,)1 
I 
<xI(R;+,-R;)(l-rw;+J+(R;-R;-,)rw;I 
~CIR1+,-RII(l-rwl+,)+CIR1-RI-lI rwg 
I I 
Gc IR;+, -R;I(l-rw~+l)+~IR;+l-R~I rwr+l 
I I 
<I IRl+,-&‘I <K (18) I 
from (iv) at the time n At. Similarly 
c l51+1 - tl I = c I (Ql+ I - QXl - rwl+ ,) + (Ql - QL 1) rw? I 
I I 
<c IQ:+,-Qll <K. (18’) I 
Therefore from (17), (17’), one gets (iv), (v) at the time (n + 1) At, which 
completes the induction proof. From (12), (i), (ii), and (iii) one obtains 
and 
- ;kM < a; = f(R1 + Qr) < ;kM, 
i.e., the scheme is stable for the L" norm. Further 
i.e., the scheme is stable for the total variation in space. For the total 
variation in time we have the estimates (( 14) and (13)) 
FIR;+'-R;I= F IK+‘-P;I +I Id--Rll 
I 
GCrk Id+, -&‘I +zrwl IR1--RR1-,l. 
I I 
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From (18) (15’), and (iv) one gets 
c IR;+‘-R;I<rkK+rMK<2K 
using the stability condition in Theorem 1. Similarly 
From (12) one obtains of course similar estimates for 
T (u~“-u;) and 1 I(T:+‘-.:[. 
1 
This is the special form of bounded variation property in time that we shall 
use (Tonnelli-Cesari). This ends the proof of Theorem 1. 
Now it remains to prove that there exists a subset E of 10, I”[, of 
measure 0, such that 
if t -+ 0, t E 10, T [, and t $ E. For that, we can use the same technique as 
in [lo] or [ll] for the Godunov scheme for a scalar equation. 
5. A GENERALIZED SOLUTION 
One has to explain how the functions U, 0, which may be discontinuous 
-indeed they are always discontinuous for shock wave solutions-may be 
considered as solutions of the system (l), (2). Equation (1) is conservative 
and so classical techniques [11] justified by distribution theory may be 
used. However, this is no longer the case of Eq. (2), where such techniques 
cannot be applied for the term u(T,. The new techniques and the new 
justification which are needed will follow from the theory of generalized 
functions in [3,4]; see Section 2 of this paper. Let p be a C” function on 
[w with compact support and nonnegative values, such that 1 p(I) d3, = 1. 
We define two mappings R, and R, from 10, 1 ] x OX* into R by 
R”(E, x, t) = s u,(x - ~~5, t - E3rT) p(5) p(z) d< dz 
(19) 
R~JE, x, t) = j aE(x - ~~4, t - EMIT) p(t) p(r) dr dz 
if E = h,, for some m, and 
&(E, x, t) = Ru(h,,,, x, t), 
(I 0 
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if h,<E<h,+,. From the result in Theorem 1, that 
SUP I%(', f)ll, < + 00 and sup II CA.9 t)ll cc < + co, E E 
where II (I co denotes the norm in L”(R), it follows at once that R, and R, 
arein&,, [Rx]O, +a~)]. Let Uandz:E9(Rx]O, +co))betheirrespec- 
tive classes, i.e., U and C are generalized functions on [w x 10, + co). 
THEOREM 2. The generalized functions U, CE Y([w x ] 0, + ~0)) satisfy 
Eqs. ( 1 ), (2) in the sense 
u,t uu,-z:, (20) 
2, + UZ, N k2U,. (21) 
Note that the initial data may be justified in various ways, the strongest 
of which follows at once from the last result of Section 3. The connection 
between U, C and the classical discontinuous functions U, CJ is given by 
PROPOSITION. The generalized functions U, Z E 9 (R x 10, + CD)) admit 
respectively u, 0 as macroscopic aspects 
ProoJ: Let t,G E a(] 0, + co) x R) be given. Let 
&=[I (Ru( E, x, t) - u(x, t)) I)(x, t) dx dt. 
By definition we have to prove that Z, + 0 when E + 0. Since s p(A) d,l = 1, 
1, = JR4 wx - e3t, t - E3rr) - u(x, t)} p(5) p(t) +(x, t) d< dr dx dt 
= J { R4 u,(x, t) $(x + ~~5, t + E3rz) - u(x, t) @(x, t)} p(5) p(z) d5 dr dx dt 
= 
i UP &, t){W + ~~5, t+ E3rT) - VW, t)> p(5) p(z) dt h dx dt 
+ jR2 {u,(x> t) - 4x7 t,> W, t) dx 4 
from which it follows at once that Z, +O when E -0. Same proof 
concerning 0. 
This means that u and CJ have the same mean values (with respect to any 
test function II/) as U and 2. Since u and CJ have in practice a well definite 
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graph (which may be seen on a computer screen) one may say intuitively 
that these graphs are the “macroscopic aspect” of the genuine solution U, 
C. Note that in the situation when passing from U, C to U, c there is in 
general some loss of information concerning nonlinear properties of U and 
C (since the association is not coherent with the multiplication). This 
subtle and original point of the theory mentioned in Section 2 should be 
well understood by the reader. In short, we do not say that U, cr are 
solutions, but that they have exactly all the same mean value properties as 
the genuine solution U, C: for instance the knowledge of u is enough to 
know 
i 
U(x, t) 1/5(x, t) dx dr since this is 
I 
u(x, t) $(x, t) dx dt 
> 
but in general the knowledge of u does not help in knowing 
j U2(x, t) I(/(x, t) dx dt, for which one has to look directly at U. Therefore, 
in our theory it is somewhat abusive to say that the discontinuous func- 
tions U, CJ are solutions of (1 ), (2); one should more precisely say that they 
exhibit all “linear type” properties of the genuine solution U, C. Note that 
it is in this way that in our theory we extend the classical concept of weak 
solutions of conservative systems; this greater precision in language is the 
price one has to pay to multiply the distributions, as proved by the classi- 
cal Schwartz impossibility result. However, in the case of this paper we 
prove in the next section that this price is null. 
6. NONLINEAR FUNCTIONS OF THE SOLUTION (U,C) 
At the end of the last section we insisted on the fact that the conept of 
association is not coherent with the multiplication. But fortunately, in the 
particular case considered in this paper, we are going to prove that indeed, 
nonlinear functions of U and C still are associated with the same nonlinear 
functions of u and c as their macroscopic aspects. In this way, the 
knowledge of u and o gives the knowledge not only of linear, but also of 
nonlinear functions of U and C, which is very important from the physical 
viewpoint, for instance, in order to know some quantities like the energy, 
which is a nonlinear function of u in case u is a velocity. More precisely: 
PROPOSITION. Let P be any polynomial (with complex coefficients) in two 
variables. Then the generalized function P( U, C) E Y?( R x ] 0, + 00 )) admits 
the classical function P(u, o) as macroscopic aspect. 
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Proof: For simplification in notation we write the proof for 
P(x, y) =x2. Let tj E 9(lR x ] 0, + co)). If we set 
Z, = j-j- (R:(E, x, t) - u2(x, t)} i,b(x, t) dx dt 
we have to prove that Z, -+ 0 when E + 0. In order to shorten the notation 
we drop the t variable. Then 
4 = j {(s, u,(x) $1’2(x + ~~5) ~(0 &)2 - u2(x) W} dx; 
z, = 
s i, 
u,(x) V2 (x + ~~5) ~(8 4 - u(x) V2(x) 
x 5 1 
4 
u,(x) +“2(x + ~~5) p(5) d5 + u(x) $1’2(x) dx. 
t 
We have 
s (u,(x) $“‘(x + ~~5) - 4x1 V’2(xN ~(5) &c 
= s (u,(x) - u(x)) til”(x + ~~5) $5) & c 
+ j- ~x)W”~(X + ~ 5) - IcI”2(x)) ~(5  &. 5 
Since u, --* u in L’ when E + 0, since u E L” and since $‘12, p are continuous 
functions with compact support, we obtain Z, +O when E + 0. For 
arbitrary tj, write rl/ = @ + - $-, with $ + and $ - nonnegative continuous 
functions with compact support. 
7. PROOF OF THEOREM 2 
Since the originality of this proof, when compared to conservative 
methods, comes from the treatment of the term UC, in (21), we focus our 
attention on it (the other terms in (21) and also (20) may be treated in a 
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quite similar way). In order to prove (21), by definition of the association, 
one has to prove that for any $ E 9( [w x ] 0, + co)), the quantity 
RAE, x, t) + ME, x, t) & RAE, x, f) 
- k2 & RJE, x, t) 1,9(x, t) dx dt 
tends to 0 when E -+ 0. Obviously we may only consider the case 
&=hE vLJmeN. The following figure explains the values of the step 
functions U, and cE. 
Since supp p c [ - 1, + 11, for fixed E > 0, the functions R, and R, are con- 
stant except in the horizontal and vertical strips 1 t - (n - i) re 1 < re3 and 
Ix-(i-:)&l<&3, respectively (n = 1, 2, . . . . and i E Z). In (22) let us focus 
our attention on the term 
Q, = j-jx I &(E, x, t) $ RAE, x, t) Ii/(x, t) dx dt. (23) 
(a/ax) R, is constant except on the vertical strips. We decompose these 
strips in the “vertices” Vi,, and the “rectangles” Ri., defined by 
I/i,,={(x,t)suchthatIx-(i-$)aJ<a3 and It-(n-i)re((rE3}, 
Ri,,={(x,t)suchthatIx-(i-~)~I<~3 
and (n-~)rc+rc3<t<(n+~)rE--rrE3}. 
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where summations are taken on those pairs of indices (i, n) such that 
Vj,n n supp $ # @ and R,, n supp ij # 121, respectively. For given (i, n) let 
us consider 
R,(E, x, t) 2 RAG x, r) $(x, t) dx dt. (25) 
In the sequel, the letter c will denote various constants which may depend 
on I+G and r but do not depend on n, i, and E. From the uniform L” bound 
on the functions u, we have 
I Z6,i.n I d c jtf~c~~l~J~~~3 ~~~(~~,~2~~~~ 1; Rot&, X, t)/ dx dt. (25’) 
From (19) easy changes of variables give 
f  R,,(E, x, t) = -$ I oE(x - ~~5, t - .c3rz) p’(5) p(r) dt dz. 
Therefore using the L” uniform bound of the c,,‘s, one gets 
I I,, i, n I 6 CE3* (25”) 
The number of sets Vi,n which intersect the support of 1+5 is bounded by C/E* 
thus one gets that in (24) 
Now for given (i, n) let us consider 
Je,i,n = i/R 
s.n 
RAE, x, t) ; RAE, x, t) $(x, 2) dx dt. 
(26) 
(27) 
For this we consider, for fixed E and t, the integral 
s 
x=(i--1/2)e+E3 
K, i,n = 
x=(i- ~/Z)E--E~ 
UE, x, f); RAE, x, t) dx (28) 
when (n - f) r& + rE3 < t< (n + 4) r&- rc3. On the rectangle R,, and for 
fixed t the functions x + RJE, x, t) and x + RJE, x, t) only do a C” 
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junction between u;- I and ~7, a:-, , and 07, respectively. Further, from 
(19), the same function p is used in R, and R,. Therefore there is a C” 
function H, of the form 
I 
I I , 
-E3 0 g3 
such that 
RU(c, x, t) = u;- 1 + (u; - u;- ,) H&t- (i- 4) E) 
Rn(c, x, t) = a;- I + (a; - o;- ,) H,(x - (i - 1) E) 
(29) 
if (x, t) E R,, (we write (29) since this will be more convenient than (19) for 
the following computations). Of course H, depends also on p; we shall not 
need more information on H,. Then 
i R,(E, x, t) = (a~-~:- ,)(H,)’ (x- (i- 4) E). 
Therefore 
x=(i--1/2)e+&3 
K.s,i,n = 1 
x=(i--L/2)1:-d 
{ul_,(ar-o:~,)Hk(x-(i-:)E) 
i.e., 
Let 
$7 = I(/((i- $) 8, (n - $) re). 
Then we may write from (27) 
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From (28), (28’) 
e1 JJR,,” 
R, ; R, dx dt = ~+b;r(~ - 2~~) f(u: + u;- *)(o; - a;- 1). 
Therefore 
< 
IJJ 4” 
R, $ R,(JI - $1) dx dt . 
The mean value theorem gives 
I w, t) - $1 I < CE 
if (x, t) E R,,. Further 
and the monotonicity 
(x, t)~ Ri,,, yield 
I 4,(x, t)l d c 
of the mapping x -+ Ro(c, x, t), for fixed t and when 
Therefore 
J&,i,” - IC11r(E-2E3) 
*;+*;-1 
2 (a:+)( <c&* (ay-ay-ll, 
which gives 
Therefore 
CJ.,i,.-C*7raUf+2~~-1 (~~-~~-~)I~c&*~~I~~-~:-,~. 
i,n i, n n i 
From the bounded variation property of the functions a,, in the x variable, 
we have 
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Since the number of n’s such that Ri,n n supp II/ # @ is bounded above by 
n/E we get 
From (23) (24), (26), (27), and (30) 
Rut&, x, t) & R&, x, t) +(x, t) dx dt 
(30) 
(31) 
That’s all concerning the computations relative to the term UC, in (21). 
For the two other terms C, and U,Y in (21) one has to consider the 
integrals 
s I 2 R,,(E, x, t) I,?(x, t) dx dt x’, at and if a R,,(E, x, t) t//(x, t) dx dt. .r, ax 
These integrals are treated like Q: above, except that this is simpler (for the 
first one we use the bounded variation in time as expressed at the end of 
the proof of Theorem 1). Finally, we obtain 
lQ,-~~~~jo:il-o:+ru:+~~:‘l(~:-“:,-~) 
i, n 
- rk*(U; -u;- 1) < CE. (32) 
Therefore in order to prove that QE tends to 0, when E -+ 0, it suffices to 
prove that the sum 
c*. { ;& a;+‘-cry+r 
24; + u;- 1 
2 
(al-ar_,)-rk2(ul-u:~,) 
i. n 
tends to 0, when E + 0. Using the notations leading to Theorem 1 and 
setting 
we have 
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E; = $ (u;+ 1 - v? ,~,)+~(,:+l-*~~+~:~l)-rk2(UI_U:~*) 
Finally, one gets 
We have 
We also have 
r2k2 
-p/qel (w~+,(u~+,-u~)-w~-,(ul-l-ul-2)} 
i,n 
Therefore Z,, $rsEy + 0, when E + 0. One proves (20) in the same way as 
(21). This ends the proof of Theorem 2. 
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8. THE RANKINE-HUGONIOT JUMP CONDITIONS 
IN THE NONCONSERVATIVE CASE 
We study the shock wave solutions of (20) (21) which are constant out- 
side the shocks, and which propagate with constant speed v, by setting 
U(x, t) = (AU) H(x- ut) + u, 
C(x, t) = (AC) K(x - ut) + c,, 
(33) 
where H, KE Y( (w) are generalized functions having the macroscopic aspect 
of the Heaviside step function; see [S]. Inserting (33) into (20) (21) one 
gets easily 
v= u,+!!!-45 
2 AU 
v=U,+AAU-k2g, 
(34) 
where the number A is given by 
HK’ N Ad, (35) 
where 6 is the Dirac delta function (or any generalized function having the 
Dirac function as macroscopic aspect associated with it). One sees that the 
situation is very different from the conservative case in which the classical 
Rankine-Hugoniot jump conditions give unique shocks: here we have an 
infinity of possible shocks depending on the parameter A (which reflects a 
property of the shocks). Various physical arguments in elasticity lead to 
the choice A = f; see [S]. In the case H = K, we have HK’ = HH’ - 46 and 
thus A = 4: the scheme considered in this paper corresponds to the jump 
conditions (34), with A = $, which may be easily checked from numerical 
tests; see [ 14, 171 for various schemes and numerical tests. 
CONCLUDING REMARKS 
The positiveness of the velocity was assumed in order to have a simpler 
formulation of the numerical scheme. A generalization is possible, which 
may use the same arguments for convergence. In this case, the scheme 
corresponds to the Godunov scheme at each step; see [9] or [15] for a 
construction of this scheme in the scalar case. Another generalization con- 
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sists in moving the space mesh. This can be done by using y = x - ct as a 
new space variable, with a constant c large enough to ensure the positive- 
ness of 24 - c. 
Numerical experiments were performed for the scheme we have analyzed 
here, and for other schemes such as the Lagrange-Euler technique with 
antidiffusion described in [lo]. They are reported in [6, 7, 14, 173 for the 
one-dimensional case. Other computations were done by the first author 
for more complex models, including a two-dimensional nonstationary 
elastoplastic model involving several different materials, which contains 
nonconservative terms: see [ 11. 
The results of this paper were announced in [2]. 
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